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Abstract. As a well-known enumerative problem, the number of solutions to the equa-
tion m = m1 + . . . + mk with m1 6 . . . 6 mk in positive integers is Π(m, k) =∑k
i=0
Π(m − k, i) and Π is called the additive partition function. In this paper, we
give a recursive formula for the number of solutions to the equation m = m1 . . .mk with
m1 6 . . . 6 mk in positive integers. In particular, using elementary techniques, we give
an explicit formula for the cases k = 1, 2, 3, 4.
1. Introduction
Let F(n; k, ℓ) be the number of unordered factorizations of a positive integer n to exactly
k parts, such that each parts > ℓ. We denote the number of all unordered factorizations
of a positive integer n by F(n), that is the number of ways a positive integer n can be
written as a product n = n1 × n2 × . . . × nk, where n1 > n2 > . . . > nk > 1. The
integers n1, n2, . . . , nk are called the factors of the factorization, and it’s clearly that
F(n) =∑nk=1F(n; k, 2). We call F(n) is the unordered Factorization function of n. For
example F(12), corresponding to 2 × 6, 2 × 2 × 3, 3 × 4 and 12. The sequence F(n) is
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listed in [A001055]. The Dirichlet generating function for F(n) is
∞∏
k=2
1
1− k−s =
∞∑
n=1
F(n)
ns
.
For positive integers ℓ, k > 1, we denote the number of ordered factorization of positive
integer n in exactly k parts, such that each part > ℓ by H(n; k, ℓ). We use H(n) to
represent the number of all ordered factorization of the integer n (in analogy with compo-
sitions for sum), then H(n) =∑nk=1H(n; k, 2) . An additive partition of a positive integer
n that denoted p(n), is an integer k-tuple n1 > n2 > . . . > nk > 0, for some k, such that
n = n1 + n2 + . . . + nk (in analogy with factorization function F(n) for product). The
integers n1, n2, . . . , nk are the parts of the partitions. For example p(4) corresponding to,
1 + 1 + 1 + 1, 1 + 1 + 2, 1 + 3, 2 + 2 and 4. It is important note that if n = pβ11 p
β2
2 . . . p
βk
k ,
where p1, p2, . . . , pk are distinct prime numbers and βi ∈ N for 1 6 i 6 k, then F(n)
and H(n) depend only to β1, β2, . . . , βk . For instance, if a positive integer n is a prime
power n = pk, k > 1, then F(n) = p(k), and H(n) = 2k−1. Also, if a positive integer
n is square free as n = p1 × p2 × . . . × pk then F(n) =
∑k
i=1
{
k
i
}
, where
{
n
k
}
is the
Stirling number of the second kind, and H(n) =∑ki=1 i!{ki}. Let F(n; {β1, . . . , βr}, ℓ), be
the number of unordered factorizations of a positive integer n as n = nβ11 × . . . × nβrr ,
such that β1 + . . . + βr = k and ℓ 6 n1 < . . . < nr, also, H(n; {β1, . . . , βr}, ℓ) be the
number of ordered factorizations of a positive integer n as n = nβ11 × . . .× nβrr , such that
ni > ℓ, and {n1, . . . nk} = {n′1, . . . , n′r} and βj = |{i : ni = n′j}|, for each 1 6 i, j 6 r.
For example, F(n; {1, 1, 2}, ℓ) is the number of unordered factorization positive integer n
as the form xyz2, where x, y and z are different positive integers and x > y > z > ℓ and
H(n; {1, 1, 2}, ℓ) = 2!F(n; {1, 1, 2}, ℓ). It is easy to see that
F(n; {β1, . . . , βr}, ℓ) = (β1 + . . .+ βr)!
β1! . . . βr!
H(n; {β1, . . . , βr}, ℓ).
More on factorization partitions, including results on bounds and asymptotes of F(n) and
algorithms for calculating the values, can be found in [Can83, HS91, KM05] and [MD87].
The goal of this paper is to give some recursive formula for F(n) and H(n) also we
obtain F(n, k, ℓ) and H(n, k, ℓ) for cases n = 2, 3, 4, with elementary ways. Also, we give
another proof of general formula for the number Hℓ(n, k) of ordered factorizations of a
positive integer n in exactly k factors that each factor greater than 1, was found in 1893
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by MacMahon [Mac93]:
H(n; k, 2) =
k−1∑
i=0
(−1)i
(
k
i
) n∏
j=1
(
βj + k − i− 1
k − i− 1
)
.
At the end, we closed our paper by posting several propositions about additive partition
function p(n).
2. A Recursive Formula
In this section we give some recursive formula F(n; k, ℓ) and H(n; k, ℓ). Let n = nβ11 ×
. . .× nβrr be a positive integer, where βi ∈ N. By using of above notations, we can write
F(n; k, ℓ) =
∑
β1+...+βr=k;
β1<...<βr,
F(n; {β1, . . . , βr}, ℓ); (2.1)
and
H(n; k, ℓ) =
∑
β1+...+βr=k
H(n; {β1, . . . , βr}, ℓ). (2.2)
Proposition 2.1. Let n > 1 and k, ℓ be positive integers. Suppose that ℓs divides n but
ℓs+1 does not divide n. Then
F(n; k, ℓ) =
min{k,s}∑
i=max{k−s,1}
F(n; i, ℓ+ 1).
Proof. Let
E = {(n1, n2, . . . , nk) : n = n1 × n2 × . . .× nk, ℓ 6 n1 6 . . . 6 nk}
and
Ei = {(n1, n2, . . . , nk) ∈ E : n1 = n2 = . . . = ni = ℓ, ni+1 6= ℓ}, i = 0, 1, . . . ,min{k−1, s}.
Then E = ∪min{k−1,s}i=0 Ei and the union is disjoint. Thus
F(n; k, ℓ) =
min{k−1,s}∑
i=0
|Ei| =
min{k−1,s}∑
i=0
F(n; k − i, ℓ+ 1) =
min{k,s}∑
i=max{k−s,1}
F(n; i, ℓ+ 1).

Corollary 2.2. Let n > 1 and k, ℓ be positive integers. Then
F(n; k, 1) =
k∑
i=1
F(n; i, 2).
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Proof. Since for each positive integer s we have 1s | n, the implication is a result of
Proposition 2.1. 
We end this section with the following result whose proof is straightforward.
Lemma 2.3. Let n, k and ℓ be positive integers. Then
F(n; k, ℓ) =
∑
ℓ6d|n
Fd(n
d
, k − 1).
Proof. For positive integer n we define Fℓ(1, k) = 1 and Fℓ(n, 0) = 0. Let n = n1 ×
n2 × . . . × nk be a factorization partition of n that n1 > n2 > . . . > nk > ℓ > 0. Then
n
n1
= n2×n3× . . .×nk is the factorization partitions of nn1 in k−1 factor that each factor
greater than ℓ, and the number of all such factorization partition is Fℓ( nn1 , k). Since n1
was unspecified, therefore, we can write such factorization partition for any divisor d 6 ℓ
of n. Summation over all such divisor d of n gives the proof. 
Lemma 2.4. Let n, k and ℓ be positive integers. Then
H(n; k, ℓ) =
∑
ℓ6d|n
Hd(n
d
, k − 1).
3. An Explicit Formula For the Cases k = 1, 2, 3, 4 and ℓ = 1, 2
We are now intended to give an explicit formula for the F(n; k, ℓ) and H(n; k, ℓ) when
k = 1, 2, 3, 4 and ℓ = 1, 2. In the following proposition, we show the number of natural
divisors of n by τ(n). Moreover,
εi(n) =
{
1 if i
√
n ∈ N
0 otherwise
Proposition 3.1. Let n > 1 be a positive integer. Then
i. F(n; 1, 1) = F(n, 1, 2) = 1,
ii. F(n; 2, 1) = ⌈ τ(n)
2
⌉ and F(n; 2, 2) = ⌈ τ(n)
2
⌉ − 1.
Proof. The equalities in item (i) are obvious. To prove item (ii), we note that H(n; 2, 1) is
number of ways to write n as xy, where x is a natural divisor of n. Thus H(n; 2, 1) = τ(n).
Now if n is not a perfect square then τ(n) is even and so F(n; 2, 1) = τ(n)
2
= ⌈ τ(n)
2
⌉ and if
n is a perfect square then F(n; 2, 1) = τ(n)−1
2
+ 1 = ⌈ τ(n)
2
⌉. Using Corollary 2.2, we now
have F(n; 2, 2) = F(n; 2, 1)− 1. 
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Theorem 3.2. Let n > 1 be a positive integer and pβ11 . . . p
βn
n be its prime decomposition.
Then
i. F(n; 3, 1) = 1
6
∏n
j=1
(
βj+2
2
)
+ 1
2
∏n
j=1⌊βj+22 ⌋ + ε3(n)3 ,
ii. F(n; 3, 2) = F(n; 3, 1)− ⌈ τ(n)
2
⌉.
Proof. We have
H(n; 3, 1) = H(n; {1, 1, 1}, 1) +H(n; {1, 2}, 1) +H(n; {3}, 1)
= 6F(n; {1, 1, 1}, 1) + 3F(n; {1, 2}, 1) + F(n; {3}, 1).
We know that F(n; {1, 2}, 1) is the number of ways to write n as xy2, where x 6= y. This
is equal to the number of y’s such that y2 | n minus the number of ways such that n
y2
= y,
in which the later is equal to ε3(n). The number of y’s such that y
2 | n is ∏nj=1⌊βj+22 ⌋.
Moreover, F(n; {3}, 1) = ε3(n). Thus Lemma ?? implies that
F(n; {1, 1, 1}, 1) = 1
6
(H(n; {3}, 1)− 3( n∏
j=1
⌊βj + 2
2
⌋ − ε3(n)
)− ε3(n))
=
1
6
H(n; {3}, 1)− 1
2
n∏
j=1
⌊βj + 2
2
⌋ + 1
3
ε3(n)
=
1
6
n∏
j=1
(
βj + 2
2
)
− 1
2
n∏
j=1
⌊βj + 2
2
⌋ + ε3(n)
3
.
Therefore, we must have
F(n; 3, 1) = F(n; {1, 1, 1}, 1) + F(n; {1, 2}, 1) + F(n; {3}, 1)
=
1
6
n∏
j=1
(
βj + 2
2
)
− 1
2
n∏
j=1
⌊βj + 2
2
⌋+ ε3(n)
3
+
n∏
j=1
⌊βj + 2
2
⌋ − ε3(n) + ε3(n).
This proves item (i).
Using Corollary 2.2, we have
F(n; 3, 2) = F(n; 3, 1)− F(n; 2, 2)− 1 = F(n; 3, 1)− ⌈τ(n)
2
⌉ + 1− 1
which proves item (ii). 
the following lemma is also easy to prove.
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Lemma 3.3. Let k, ℓ > 1 be a positive integer and pβ11 . . . p
βn
n be the prime decomposition
of k. Then
∑
d|k
τ(d) =
n∏
j=1
(
βj + 2
2
)
and
∑
d|k
εℓ(d) =
n∏
j=1
⌊βj + ℓ
ℓ
⌋.
Theorem 3.4. Let n > 1 be a positive integer and pβ11 . . . p
βn
n be its prime decomposition.
then
F(n; 4, 1) = 1
24
n∏
i=1
(
βi + 3
3
)
+
1
3
n∏
i=1
⌊βi + 3
3
⌋+ 1
4
(
n∏
i=1
⌊βi + 2
2
⌋(βi − ⌊βi − 2
2
⌋))
+
ε2(n)
4
n∏
i=1
⌊βi + 2
2
⌋ − ε2(n)
4
⌈τ(
√
n)
2
⌉ + 3ε4(n)
8
.
Moreover,
F(n; 4, 2) = F(n; 4, 1)− F(n; 3, 1).
Proof. We have
H(n; 4, 1) = H(n; {1, 1, 1, 1}, 1) +H(n; {1, 1, 2}, 1)
+H(n; {1, 3}, 1) +H(n; {2, 2}, 1) +H(n; {4})
= 24F(n; {1, 1, 1, 1}, 1) + 12F(n; {1, 1, 2}, 1)
+ 4F(n; {1, 3}, 1) + 6F(n; {2, 2}, 1) + F(n; {4}, 1).
On the other hand, F(n; {1, 1, 2}, 1) is the number of ways to write n as xyz2, where x, y
and z are different positive integers. This is equal to the number of z’s such that z2 | n
minus the number of ways to write n as xz3, x2z2 or z4, where x 6= z. The number of z’s
such that z2 | n is ∑z2|n⌈ τ( nz2 )2 ⌉. Thus
F(n; {1, 1, 2}, 1) =
∑
z2|n
⌈τ(
n
z2
)
2
⌉ − F(n; {1, 3}, 1)− F(n; {2, 2}, 1)− ε4(n).
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If n is not a perfect square then τ(n) is even. Let z = pβ11 . . . p
βn
n . So, there must exist an
integer i such that βi is odd. Hence
∑
z2|n
⌈τ(
n
z2
)
2
⌉ =
∑
z2|n
1
2
τ(pβ1−2β11 . . . p
βn−2βn
n )
=
1
2
n∏
i=1
∑
0≤βi≤
βi
2
(βi − 2βi + 1)
=
1
2
(
n∏
i=1
⌊βi + 2
2
⌋(βi − ⌊βi − 2
2
⌋)).
Moreover, F(n; {1, 3}, 1) is the number of ways to write n as xz3, where x 6= z. This is
equal to the number of z’s such that z3 | n minus the number of ways to write n as z4.
The number of z’s such that z3 | n is ∏nj=1⌊βj+33 ⌋. Whence
F(n; {1, 3}, 1) =
n∏
j=1
⌊βj + 3
3
⌋ − ε4(n).
Since n is not a perfect square, F(n; {2, 2}, 1) = 0. Thus implies
F(n; {1, 1, 1, 1{, 1) = 1
24
(H(n; {4}, 1)− 12F(n; {1, 1, 2}, 1)− 4F(n; {1, 3{, 1)− 6F(n; {2, 2}, 1)− ε4(n))
=
1
24
n∏
i=1
(
βi + 3
3
)
− 1
4
(
n∏
i=1
⌊βi + 2
2
⌋(βi − ⌊βi − 2
2
⌋))
+
1
3
F(n; {1, 3}, 1) + 1
4
F(n; {2, 2}, 1) + 11
24
ε4(n)
)
=
1
24
n∏
i=1
(
βi + 3
3
)
− 1
4
(
n∏
i=1
⌊βi + 2
2
⌋(βi − ⌊βi − 2
2
⌋)) + 1
3
F(n; {1, 3}, 1).
Therefore, we have
F(n; 4, 1) = F(n; {1, 1, 1, 1}, 1) + F(n; {1, 1, 2}, 1) + F(n; {1, 3}, 1) + F(n; {2, 2}, 1) + F(n; {4}, 1)
=
1
24
n∏
i=1
(
βi + 3
3
)
+
1
3
n∏
i=1
⌊βi + 3
3
⌋+ 1
4
(
n∏
i=1
⌊βi + 2
2
⌋(βi − ⌊βi − 2
2
⌋)).
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Now let n be a perfect square. Then τ(n) is odd and we have
∑
z2|n
⌈τ(
n
d2
)
2
⌉ =
∑
z2|n
(
τ(m
d2
) + 1
2
)
=
∑
z2|n
1
2
τ(pβ1−2β11 . . . p
βn−2βn
n ) +
1
2
∑
z2|n
1
=
1
2
∑
0≤βi≤
βi
2
n∏
i=1
(βi − 2βi + 1) + 1
2
∑
0≤βi≤
βi
2
1
=
1
2
n∏
i=1
∑
0≤βi≤
βi
2
(βi − 2βi + 1) + 1
2
n∏
i=1
(⌊βi + 2
2
⌋)
=
1
2
(
n∏
i=1
⌊βi + 2
2
⌋(βi − ⌊βi − 2
2
⌋)) + 1
2
n∏
i=1
(⌊βi + 2
2
⌋)
Thus
F(n; {1, 1, 1, 1}, 1) = 1
24
n∏
i=1
(
βi + 3
3
)
− 1
4
(
n∏
i=1
⌊βi + 2
2
⌋(βi − ⌊βi − 2
2
⌋))
+
1
2
n∏
i=1
(⌊βi + 2
2
⌋) + 1
3
F(n; {1, 3}, 1)− 1
4
F(n; {2, 2}, 1)− 1
24
ε4(n).
Furthermore, F(n; {2, 2}, 1) is the number of ways to write n as x2y2 = (xy)2, where
x 6= y. If n is not a perfect square then this number is 0 and if n is a perfect square then√
n ∈ N and thus
F(n; {2, 2}, 1) = ε2(n)F(
√
n; {1, 1}, 2) = ε2(n)
(F(√n, {2}, 2)− ε2(√n))
= ε2(n)
(⌈τ(√n)
2
⌉ − ε4(n)
)
= ε2(n)⌈τ(
√
n)
2
⌉ − ε4(n).
Therefore
F(n; 4, 1) = 1
24
n∏
i=1
(
βi + 3
3
)
+
1
3
n∏
i=1
⌊βi + 3
3
⌋+ 1
4
(
n∏
i=1
⌊βi + 2
2
⌋(βi − ⌊βi − 2
2
⌋))
+
ε2(n)
4
n∏
i=1
⌊βi + 2
2
⌋ − ε2(n)
4
⌈τ(
√
n)
2
⌉ + 3ε4(n)
8
.
This proves the first assertion. The second part can be driven from the first assertion. 
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Note that if a positive integer m is a prime power, say m = pn, then F2(m, k) = ρ(n, k),
where ρ is the additive partition function.
Corollary 3.5. Let n be a positive integer. Then the number of all solutions to the
equation
x1 + x2 + x3 = n
in N, under the condition x1 ≤ x2 ≤ x3, is
1
6
(
n + 2
2
)
+
1
2
⌊n+ 2
2
⌋+ ε3(p
n)
3
.
Corollary 3.6. Let n be positive a integer. Then the number of all solutions of the
equation
x1 + x2 + x3 + x4 = n
in N, under the condition x1 ≤ x2 ≤ x3 ≤ x4, is
1
24
(
n+ 3
3
)
+
1
3
⌊n + 3
3
⌋+ 1
4
(⌊n+ 2
2
⌋(n− ⌊n− 2
2
⌋))
+
ε2(p
n)
4
⌊n + 2
2
⌋ − ε2(p
n)
4
⌈τ(
√
pn)
2
⌉+ 3ε4(p
n)
8
.
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